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ABSTRACT

Cavitating propellers generate pressure fluctuations on the
hull of the ship and emit underwater sound. These pressure
fluctuations are usually analysed in the frequency domain
with the spectrum composed of tonals at harmonics of the
blade passage frequency and a broadband part. The two are
often analysed separately through the amplitudes of the
tonals and through the power density or power spectrum of
the broadband part. The present paper discusses an
analytical formulation that shows how the two are related
through the variability of the pressure signal between blade
passages. The formulation is also used to predict the tonals
from the broadband part of the spectrum for which an semi-
empirical model for tip-vortex cavitation is available.
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1 INTRODUCTION

Cavitating propellers may generate noise and vibration
hindrance for crew and passengers on-board ships
(Carlton, 2007). Often, it is the spectrum of the pressure
fluctuations on the hull above the propeller that are
analysed to evaluate the hull-excitation force of the
cavitating propeller. The frequency range typically varies
from the blade-passage frequency (BPF) up to 200 Hz
when the vibration excitation force is considered, but
analysis up to higher frequencies are nowadays performed
as well. Propeller cavitation is also an important
contributor to the underwater radiated noise (URN) of
ships. The URN of ships was traditionally of importance
for naval vessels and fishery research vessels only, but is
nowadays also of importance for merchant vessels due to
impact of shipping noise on marine life (Duarte et al, 2021,
Cruz et al, 2021).

At low frequencies, the propeller-induced pressure
spectrum is composed of tonal components at harmonics of
the blade passage frequency and of a broadband part.
Tonals are also present for a non-cavitating propeller, and
are due to the thickness and loading of the propeller blade
(see e.g. Breslin, 1970, and Lafeber et al, 2009). This tonal
is very pronounced at the BPF but its amplitude decreases

rapidly at the 2" and higher harmonics of the BPF. The
amplitudes of the higher harmonics relative to the BPF
value depend on the number of blades and on the propeller-
hull clearance. The tonals due to the cavitating propeller
are discussed by e.g. van der Kooij (1979), Friesch (1998),
van Wijngaarden (2011), and Johannsen et al. (2012). One
of the first publications on broadband content of hull-
pressure fluctuations is by Brubakk and Smogeli (1988),
discussing vibration issues on a cruisevessel which were
related to the cavitating tip vortex. Measurements of
broadband spectra of hull-pressures on twin-screw vessels
were presented by among others Fréchou et al (2000),
Hé&mal&inen et al. (2005) and Bosschers (2009). The topic
was also briefly addressed by the 23 ITTC Specialist
Committee on Cavitation Induced Pressures (2002).

Various models have been proposed in literature to predict
the low-frequency part of propeller-induced pressure
spectrum, either for hull-pressure fluctuations or for URN.
Semi-empirical models, making use of results obtained by
boundary element method, to predict the broadband part
have been proposed by among others Raestad (1996),
Bosschers (2018b) and Miglianti et al. (2019). Berger et al.
(2018) uses its model to predict the broadband part and the
tonals at higher harmonics of the BPF. Examples of RANS
predictions are provided by e.g. Vaz et al (2015) and Ge et
al (2020), whereas results of scale resolving simulations
are presented by Li et al (2016) and Lidtke et al (2022).

The present paper discusses a method to include the
prediction of tonals in an existing method to predict the
broadband part that makes use of a boundary element
method (Bosschers, 2018b). The method is based on an
analytically derived formulation that describes the relation
between the two as a function of the variation in the
pressure signal between blade passages. Next, it is shown
how this variation can be quantified from model-scale data
as well as full-scale data. Analysis of multiple test-cases,
all twin-screw vessels, provided a typical value for the
variation which is then used as an additional empirical
input parameter for the model to predict the tonals from the
broadband content.



2 ANALYTICAL FORMULATION

2.1 Derivation

The derivation for the analytical formulation to describe
the effect of the variability of a periodic signal is based on
MacFarlane (1949), but differs by considering the effect of
variability in amplitude and time of arrival of the periodic
signal simultaneously instead of treating them separately.
The details of the derivation are given in Bosschers
(2018a).

Consider the rms amplitude density spectrum G(w)of a
single pulse of unit amplitude. The spectrum of the same
pulse occurring at a later time t is then given by
G(w)exp(iot) (1)
Now assume that the pulse is emitted periodically with
mean period T, but each pulse is emitted with a slightly

varying amplitude a, and time offset z,. The resulting
spectrum for 2N periods then reads
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with @ the mean amplitude, and o, and o, the standard
deviation of the amplitude and time period, respectively.

Equation (3) is evaluated by expanding the exponential
function into sine and cosine functions, and by considering
that the norm of a signal is computed by taking the norm
of the mean and the norm of the standard deviation. After
lengthy derivation, the formulation for the power spectral
density reads

R(w):{ag+az[1_{1_@AT(w)}e*wzaf}}uc(w)uz (6)

Parameter o, =27/T is the repetition (angular) frequency,
and A, (o) is the Dirac comb for mean time period T , or
frequency e, . The Dirac comb is related to the Dirac delta
function &§(w) through
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In absence of any variation in amplitude and arrival time,
the power spectral density is given by

R(w,0,, =0)=a" o,Ar (o) ||G(a))||2 (8)

Hence, the spectrum contains of tonals at harmonics of the
repetition frequency only. However, as §(0) >« , the
amplitude of these tonals are formally not defined and a
power spectrum P should be considered rather than the
power spectral density:
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where use has been made of
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The rms amplitudes of the tonals at harmonics of «, of
G(w)are scaled with a frequency bandwidth «, such that
total power is conserved.

Equation (6) shows that the variation in amplitude and
arrival time lead to broadband content in the spectrum. The
broadband content due to amplitude variation is a
frequency-independent fraction of the reference spectrum,
provided o, is independent of frequency. However, the
broadband fraction due to time variation does scale with
frequency due to term exp(—a)zof). The variation in time
of arrival can be interpreted from a spectral content point
of view as a variation in phase angle, with the standard
deviation in phase given by

o, () = wo, (11)
From Eq. (6) it is also seen that the exponential increase in
broadband content with frequency is accompanied by an

exponential decrease of the amplitude of the tonals at
harmonics of the repetition frequency.

2.2 Interpretation

The preceding formulation can be interpreted as the
formulation for the periodic pressure pulses generated by
the collapse of a cavity when the propeller blade leaves the
wake peak. Hence the repetition frequency of the pulse is
the blade passage frequency bpf (@, =271, ), and we

investigate the consequences of variations in cavity
collapse between subsequent blade passages.

The effect of the amplitude and phase angle modulation is
illustrated in Figure 1 and Figure 2, following Bark (1988).
A stylised spectrum is sketched of a single blade passage
together with the spectrum of a series of blade passages.
The frequency is non-dimensionalized by the bpf. If the
signal repeat perfectly there is no modulation and the
spectrum consists of tonals at harmonics of the bpf.
Random variations in amplitude alone between different
blade passages lead to a small increase of the amplitudes of
the tonals. However, the spectrum now also contains a
broadband part of which the magnitude is proportional to
the standard deviation of the amplitude variations. Random
changes in time of arrival of the signal lead to random
phase angle variations of which the magnitude increases



linearly with frequency as shown by Eq. (11). This random
phase modulation decreases the amplitude of the tonals and
redistributes the power over a broadband region. The
spreading is most pronounced at higher frequencies and
may cause the complete disappearance of the tonal.

It is remarked that the variation in emitted pressure by the
cavity collapse is expected to be more complex than the
presented variation in amplitude and time-of-arrival in the
sense that the spectral shape may also vary somewhat. This
aspect is further discussed in Section 3.2 through the
analysis of experimental data. In general, one can conclude
that the broadband part of the spectrum is caused by the
variability of the pressure signal between subsequent blade
passages. It is especially the variation in phase angle that
affects the spectrum as it reduces the amplitude of the
tonals and increases the broadband part.
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Figure 1: Effect of amplitude and arrival time variation on
the power spectrum. Note that the spectrum of the single
blade passage is a scaled power density spectrum.

3 ANALYSIS OF EXPERIMENTAL DATA

3.1 Analysis procedure

The variability between blade passages will now be
investigated for both model-scale and full-scale
experimental datasets. The goal is to find quantitative
values for the amplitude and phase angle variations.

The hull-pressure signal has been analyzed by first dividing
the time trace into 'shaft revolutions' with a shaft revolution
defined by a constant number of samples that does not
change in time. This number of samples, that is
representative of the mean revolution rate of the shaft, was
determined from a color-coded plot of the time trace with
blade position and shaft revolution. The number of samples

was defined as a real number if the data was time
synchronized instead of shaft synchronized. Each shaft
revolution was analyzed with an FFT which provided the
amplitude and phase for each harmonic of the shaft-rate
frequency. The data of all shaft revolutions was then used
to compute the mean and the standard deviation. The
procedure is straightforward for the amplitude variation,
while for the variation in phase angle o, use has been
made of the theory of circular statistics (Fisher, 1993),

o,(®)=\-2Inp()

with p corresponding to the length of the mean resultant,

(12)

computed from the phase angle @, of revolution number n
at frequency ),
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with N the total number of shaft revolutions.

3.2 Results

Results of the analysis procedure described above are
presented for two test-cases, both twin-screw vessels of
which the cavitation pattern consists of mainly tip-vortex
cavitation.

The first test-case was measured at model scale and the -
data has been shaft synchronized. The time trace of the
pressure signal plotted as function of blade position and
revolution is presented with its analysis in Figure 2. The
four blade passages for each shaft revolution can clearly be
discerned. Analysis of the Fourier transforms for each
revolution separately provides the presented values for the
standard deviation for amplitude and phase. As the first
harmonic of the BPF is for a significant part affected by the
thickness and loading (‘non-cavitating’ contribution), the
variability in amplitude is much smaller for this frequency
than for other frequencies. Note that the frequency
resolution of the spectrum corresponds to the shaft rate
frequency. The variation in phase angle at harmonics of
BPF shows indeed a linear increase with frequency,
suggesting that it corresponds to a variation in time as used
in Section 2. The maximum possible variation in phase
angle corresponds to +/- 180 deg, hence the maximum
value for the standard deviation is limited (and much
smaller than 180 deg.). For this situation, the maximum
value for the standard deviation is about 135 deg, excluding
one outlier. For such high values of the standard deviation
the variation is most likely no longer described by a
Gaussian distribution but this has not been further
investigated. The non-dimensional spectrum presented on
the bottom shows (i) a ‘reference’ line (Ref),
corresponding to the spectrum taken of the whole time
trace, (ii) an ‘amplitude’ line (Ampl.) in which the
spectrum is shown using the standard deviation at
harmonics of the shaft rate frequency for the broadband
part and the mean value for the harmonics of the blade
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Figure 2: Analysis of amplitude and phase variation and its
effect on the spectrum (model-scale test-case), showing from
top to bottom the pressure time trace, the standard deviation
of the amplitude, the standard deviation of the phase angle
and the power spectrum for the various approaches.
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Figure 3: Analysis of amplitude and phase variation and its
effect on the spectrum (full-scale test-case), showing from top
to bottom the pressure time trace, the standard deviation of
the amplitude, the standard deviation of the phase angle and
the power spectrum for the various approaches.



passage frequency, and (iii) an ‘amplitude and phase’ line
in which the ‘amplitude’ spectrum is corrected with the
fitted line for the standard deviation of the phase angle for
the blade-passage-frequencies. It is seen that the overall
character of the ‘reference’ spectrum is well reconstructed
from this approach.

The second test-case was measured at full scale and the
data is not shaft synchronized. The time trace and its
analysis are presented in

Figure 3. The time trace shows a small variation in rpm, and
that the propeller has four blades. The standard deviation
of the amplitude is again small for the first BPF and has a
value of about 0.5 for the higher harmonics. The variation
of the standard deviation of the phase angle with harmonics
of BPF shows again an almost linear variation with
frequency up to the fourth harmonic after which the values
remains more or less constant. With the fitted value for the
standard deviation of the phase angle, the ‘reference’
spectrum is again well reconstructed.

It is remarked that to keep the graphs simple, the
‘amplitude’ spectrum only shows the mean values at
harmonics of the BPF. The mean values at harmonics of
the shaft-rate-frequency are not shown as due to the large
values of the standard deviation of the phase they do not
appear as tonals in the ‘amplitude and phase’ spectrum.

Nowadays, the hull-pressure measurements in sea trials are
also shaft synchronized thereby eliminating the effect of
variations in shaft rpm on the pressure spectrum. Analysis
of this effect on a single screw vessel showed that the shaft
synchronized data had a 20% smaller value for &, than the

time-synchronized data. Of course, this effect strongly
depends on sea state and maneuvers.

The cause of the variability between blade passages has not
been investigated so far and this may vary from case to case
and may be scale and facility dependent. Temporal
variations in the ship wake field, including turbulence, are
probably relevant, as well as variations in nuclei and gas
content which usually show a stochastic distribution. In sea
trials, also ship motions and the effect of rudder deflections
can be relevant.

4 SEMI-EMPIRICAL PREDICTION MODEL

4.1 Introduction

The spectrum of hull-pressure fluctuations by tip-vortex
cavitation can be predicted by the combination of the
following methods:

1. The amplitude at bpf, dominated by the contributions
of blade thickness and blade loading, predicted by the
BEM PROCAL (Vaz and Bosschers, 2006) in
combination with the acoustic BEM EXCALIBUR
(Bosschers et al. 2008; van Wijngaarden, 2018).

2. The broadband part of the spectrum due to the
cavitating tip-vortex is predicted by the semi-
empirical ETV-method (Bosschers, 2018Db).

3. The amplitudes at the harmonics of the bpf can now be
predicted from the broadband part using the
formulations derived in Section 2. Use is made of
empirical values that describe the variation between
blade passages obtained from the procedure described
in Section 3. The formulations to predict the tonals
from the broadband part are summarized below.

4.2 Predicting tonals from a broadband spectrum

It is assumed here that use can be made of an existing
model for the broadband part of the spectrum. From the
formulations derived in Section 2, this broadband spectrum
can be formulated as

2
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or when the circular frequency f is used instead of

angular frequency,
Rbroadband ( f ) = {&j +1- ei(f/fsr)z 7 } Rref ( f ) (15)

with &, =0,/a, , &, =w,0, in which subscript sr
stands for shaft-rate frequency, and where a reference
power density spectrum R, (f)=a’ |G(f)|2 is
introduced. Parameter &, is the standard deviation of the

phase in radians per shaft-rate harmonic. The spectrum of
the tonals at harmonic m of the BPF reads

Rtonal (m fbp) = ei(mfbp/fﬂ)z 7 fprT (m fbp)Rref (m fbp) (16)

The peak amplitude at this harmonic m of the BPF is
computed by
(m+3) fop
2
Aonal (m fbp ) = 2 J- Rtonal (m fbp) df

(m=3)

(17)

resulting into

A (M, ) =€ /0T o1 R () (18)

A peak amplitude is preferred over the rms amplitude as
harmonic analysis of propeller-induced hull-pressure
fluctuations are traditionally expressed in peak amplitudes.

Hence, it is seen that from Eq. (15) for the semi-empirical
model for the spectrum R, .qanq ( T ) OF broadband noise
and hull-pressure fluctuations the reference spectrum
R (f)can be computed provided (empirical) values for
&, and &, are known. The tonals at harmonics of the BPF

can then be computed from Eq. (18) using the reference
spectrum and &, . An important assumption is that the

values for &, and &, do not vary much between ships of
the same ship type.
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4.3 RESULTS
The analysis as shown in Figure 2 and

Figure 3 has been performed for 25 test-cases in total, all
corresponding to twin-screw vessels. For each test-case the

value for &, is computed by a linear fit through the values

at the 2", 3", and 4™ harmonic of the BPF, but excluding
values that are larger than 90 degrees. The difference in
amplitude at the harmonics of the BPF between the
‘amplitude and phase’ estimation and the ‘reference’
estimation are shown in Figure 4 for the second and the
third BPF harmonic. For some of the datasets the variation
of &, could not be described by a linear variation with

frequency, these cases are denoted as ‘false’ in the figures.
The judgement was made by visually inspecting each
dataset. For these cases only the value for &, at the 2

harmonic of the BPF was used. The amplitudes have been
non-dimensionalized with the amplitude at the BPF, as for
some cases the amplitude at the 2" or 3™ harmonic of BPF
was very small. Except for some outliers, the amplitudes
can be reconstructed within 5% of the amplitude at BPF.
From these test-cases, the average values for &, and &,

have been determined, and they correspond to &, = 0.54
and &, =9.7deg . The test-cases were then analyzed using

the broadband hull-pressure prediction of the ETV-model,
and the tonals were computed according to the procedure
described in Section 4.2. It was then found that the mean
prediction error could be improved by using &, =9.0deg .

The results are shown in Figure 5, where it is seen that the
2" harmonic is predicted with standard deviation of 16%,
the 3" harmonic with a standard deviation of 10%, and the
4™ harmonic with a standard deviation of 5%, all relative
to the amplitude of the first harmonic. The standard
deviation of the relative prediction, hence relative to the
amplitude of that specific harmonic, is 36% for the 2"
harmonic, 46% for the third harmonic and 87% of the
fourth harmonic.

6 CONCLUDING REMARKS

A new methodology has been presented to predict the
amplitudes of tonals of propeller-induced hull pressures at
higher harmonics of the blade passage frequency. The
methodology is based on an analytical formulation that
describes the relation between the broadband part of the
spectrum and the tonals, which is determined by the
variability of the pressure signal between blade passages.
The variability can be expressed as a variability in
amplitude and phase of the spectral components. Multiple
datasets, all for twin-screw vessels in which the cavitation
pattern on the propeller was dominated by tip-vortex
cavitation, were analyzed with respect to this variability. It
was concluded that the relative variability in amplitude for
frequencies above the blade passage frequency was more
or less constant. The variability in phase at the harmonics
of the blade passage frequency could for a large number of
test-cases well be described by a linear variation with
frequency. This suggests that an important mechanism for
the variability in phase is indeed the variability in time-of-
arrival of the pressure pulse due to the cavity collapse. This
variability in time-of-arrival was a critical assumption in
the derivation of the analytical formulation. Therefore, the



derived analytical formulation can both qualitatively and
quantitatively explain the relation between tonals and
broadband content of the hull-pressure spectrum.

It was found that by using two empirical parameters, one
describing the variability in amplitude and one describing
variability in phase, the amplitudes at the higher harmonics
of the blade passage frequency can be obtained with a
reasonable accuracy from a model that predicts the
broadband part of the spectrum.

In the present paper the variability is only shown for twin-
screw vessels of which the cavitation pattern is dominated
by a tip-vortex cavity. Analysis for other ship types showed
significant different values for the variability and this needs
to be further investigated, together with the causes for the
variability.
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